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Abstract
We consider the dimensional reduction of eleven dimensional supergravity to type IIA in ten
dimensions, and study the conditions for supersymmetry in terms of p-form spinor bi-linears of
the supersymmetry parameter. For a bosonic solution to be supersymmetric these p-forms must
satisfy a set of differential relations, which we derive in full; the supersymmetry variations of
the dilatino give a set of algebraic relations which are also derived. These results are then used
to provide the generalized calibration conditions for some of the basic brane solutions, we also
follow up a suggestion of and Hackett-Jones and Smith and present a calibration condition for
IIA supertubes. We find that a probe supertube satisfies this bound but does not saturate it,
with the bound successfully accounting for the D0 charge of the supertube but not the string
charge; we speculate that there should be a stronger calibration inequality than the one given.
§
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1 Introduction
The utility of bi-linears formed from Killing spinors has been known for some time, with them
being used to present Bogomol’nyi bounds in supergravity [1], derive the full set of supersymmetric
solutions to supergravities [2] and to give constraints on the manifolds used in dimensional reduction
[3]. More recently this approach has been used to generate the supersymmetric solutions to higher
dimensional supergravities [4][5][6][7], by solving the differential equations of the p-form spinor bi-
linears rather than directly solving the Killing spinor equation; here we present the differential and
algebraic equations for the spinor bi-linears of IIA supergravity. Theses p-forms also naturally lead
one to the notion of G-structures, as the existence of globally defined p-forms reduces the frame
bundle SO(1,D-1) to some G-sub-bundle, this can then be used to give classifications of supergravity
solutions [8]-[19].
Calibrations [20] form an important part of string theory technology and our understanding has
developed from the basic calibrations, which describe minimal volume submanifolds, to generalized
calibrations [21] relevant to branes moving in background fluxes. In [22] it was shown how the
differential relations of the p-form bi-linears in eleven dimensional supergravity could be combined
in a natural way with the flat space supersymmetry algebra to give a proposal for the calibration
bound of M2 and M5 branes. Applying these ideas to IIB supergravity in ten dimensions [23] lead
to a proposal for the calibration bound of giant gravitons, the first example of a calibration for
non-static branes. As an application of our results we consider a case suggested by [23] as another
example of a solution which could lead to a calibration condition for non-static brane, the supertube
[24], thought of as a configuration of D0 branes and parallel strings blown up to a cylindrical D2
brane. We propose such a bound but believe that it is not the full story as the bound is satisfied
by a probe supertube but not saturated; the bound correctly captures the D0 charge but misses
the string charge.
The outline of the paper is as follows. Section 2 gives the p-form spinor bi-linears that are
allowed in IIA supergravity and relates them to those from eleven dimensions. The differential
relations for these p-forms are then derived from the analogous 11D relations in section 3. The
algebraic constraints which follow from the IIA Killing spinor equation are derived in section 4.
The final section describes how calibration conditions are derived from the differential relations
and the supersymmetry algebra, we show some simple examples of how this works and end with
the supertube example. In the appendices we give our conventions in deriving IIA from eleven
dimensions and also provide some of the basic IIA solutions which act as a check for our equations.
2 IIA from eleven dimensions
It is well known, [25][26][27] that IIA supergravity can be derived by dimensional reduction from
the eleven dimensional supergravity of Cremmer-Julia-Scherk (CJS) [28]. This allows us to use
the results of [9] to obtain the set of bi-linears in IIA. In order for our conventions to conform to
that of [9] we show in the appendix both supergravities with their corresponding supersymmetry
transformations.
When there is a single Killing spinor one can use the symmetry properties of the Dirac ma-
trices in eleven dimensions to define the following spinor bi-linears (objects with a hat are eleven
dimensional),
Kˆ = ¯ˆǫΓˆaˆǫˆ E
aˆ, (2.1)
Ωˆ =
1
2
¯ˆǫΓˆaˆ1aˆ2 ǫˆ E
aˆ1aˆ2 , (2.2)
1
Σˆ =
1
5!
¯ˆǫΓˆaˆ1...aˆ5 ǫˆ E
aˆ1...aˆ5 . (2.3)
This is the full set, with the other rank p-forms either vanishing or being related by Hodge duality.
To reduce these to ten dimensions we note from appendix A that the 11D and 10D vielbein
are related by Ea = exp(−φ/3)ea. This takes us to the string frame, which is more natural in
this context as the supersymmetry transformations (A.11), (A.12) have some degree of uniformity
amongst the field strengths. With this we find
Kˆ = exp(−2φ/3)K + exp(−φ/3)XEz , (2.4)
Ωˆ = exp(−φ)Ω + exp(−2φ/3)K˜ ∧ Ez, (2.5)
Σˆ = exp(−2φ)Σ + exp(−5φ/3)Z ∧ Ez, (2.6)
where we have introduced the following 10D bi-linears
X = ǫ¯Γzǫ, (2.7)
K = ǫ¯Γaǫ e
a, (2.8)
K˜ = ǫ¯ΓaΓzǫ e
a, (2.9)
Ω =
1
2
ǫ¯Γa1a2ǫ e
a1a2 , (2.10)
Z =
1
4!
ǫ¯Γa1...a4Γzǫ e
a1...a4 , (2.11)
Σ =
1
5!
ǫ¯Γa1...a5ǫ e
a1...a5 . (2.12)
In doing this we have chosen to represent the two Majorana-Weyl spinor parameters, ǫ±, of IIA by
the single Majorana spinor ǫ = ǫ+ + ǫ−. An alternative set of bi-linears could have been defined in
terms of the Majorana-Weyl components, K++ = ǫ¯+Γaǫ
+ ea,... but these can be constructed from
linear combinations of (2.7-2.12) and so are equivalent. We shall find the former set more useful as
ǫ descends directly from ǫˆ allowing us to use the relations of [9] to derive differential equations for
(2.7-2.12), which we now do.
3 Differential relations.
Now we have the set of p-forms we can derive the differential relations they must satisfy if the
solution is to be supersymmetric. As described in [9] this is achieved by using the vanishing of the
susy variation (A.4). One finds that the 11D bi-linears must solve
dKˆ =
2
3
ΩˆyˆG+
1
3
Σˆyˆ⋆ˆGˆ, (3.13)
dΩˆ = Kˆ yˆGˆ, (3.14)
dΣˆ = Kˆ yˆ⋆ˆG− Ωˆ ∧ Gˆ. (3.15)
From these we can derive the analogous equations for the IIA p-forms, (2.7-2.12). We find the
following,
exp(−φ/3)d [exp(φ/3)X] = 2
3
ΩyH +
1
3
exp(φ)Σy ⋆ G˜, (3.16)
exp(2φ/3)d [exp(−2φ/3)K] = 2
3
K˜yH +
1
3
Σy ⋆ H + exp(φ)
[
2
3
ΩyG˜−XF + 1
3
Zy ⋆ G˜
]
,(3.17)
2
dK˜ = KyH, (3.18)
exp(φ)d [exp(−φ)Ω] = −XH + exp(φ)
[
K˜ ∧ F +KyG˜
]
, (3.19)
exp(φ)d [exp(−φ)Z] = −Ω ∧H + exp(φ)
[
6Ky ⋆ G˜− K˜ ∧ G˜
]
, (3.20)
exp(2φ)d [exp(−2φ)Σ] = Ky ⋆ H + exp(φ)
[
−Z ∧ dA+X ⋆ G˜− Ω ∧ G˜
]
, (3.21)
where the various field strengths are defined in appendix A. An alternative route to these equations
is to directly consider the derivative of the forms in (2.7-2.12) and use the vanishing of 10D gravitino
variation (A.12) to replace the ∇mǫ terms.
An important result that also comes from the analysis of ∇aKb is that
∇(aKb) =
1
3
ηabKydφ = 0, (3.22)
where the last equality follows from (4.23) to be derived in the next section. This tells us then that
one of the vector bi-linears, K, is in fact a Killing vector. That such a spinor bi-linear is Killing is
also true in eleven dimensions [9] and in IIB theory [23], this has important consequences when it
comes to constructing the calibration forms.
4 Algebraic relations.
Whilst it was possible to simply translate the differential relations of [9] into differential relations
relevant to the IIA p-forms we also have a set of algebraic constraints coming from the vanishing of
the susy variation of the dilatino, (A.11). To derive these we take (A.11) and act on the left with
ǫ¯, ǫ¯Γi, ǫ¯Γij, ǫ¯Γijk and ǫ¯Γijkl to give
0 = Kydφ, (4.23)
0 = dφyΩ − 1
2
HyZ +
1
4
exp(φ)
[
3K˜yF + G˜yΣ
]
, (4.24)
0 = −dφ ∧K + 1
2
Hy ⋆ Σ+
1
2
K˜yH +
1
4
exp(φ)
[
−3FyZ + 3XF + G˜y ⋆ Z − ΩyG˜
]
, (4.25)
0 = (dφ ∧ Ω)ijk − 3
4
H
[i
bc Z
jk]bc +
1
2
XH ijk (4.26)
+
1
4
exp(φ)
[
3(Fy ⋆ Σ)ijk + 3(F ∧ K˜)ijk − 1
2
G˜
[i
bcd Σ
jk]bcd + (KyG˜)ijk
]
,
0 = (dφyΣ)ijkl −H [ibc ⋆ Σjkl]bc −
1
2
(H ∧ K˜)ijkl (4.27)
+ exp(φ)
[
−3F [ib Zjkl]b +
1
6
G˜
[i
bcd ⋆ Z
jkl]bcd − G˜ [ijkd Ωl]d
]
.
These are the full set of relations which can be derived from (A.11); if one hits (A.11) with more
the four Γ matrices the resulting relations will be dual to the above equations.
Although we can get no more algebraic relations from (A.11) the fact that our p-forms are
bi-linear implies they must have certain relations amongst each other. These can be constructed
using Fiertz identities and they hold irrespective of supersymmetry. Although we will not present
anything like an exhaustive, list we give here two such examples to illustrate the point. From [9]
we have
K yˆΩˆ = 0, (4.28)
KˆyˆΣˆ =
1
2
Ωˆ ∧ Ωˆ, (4.29)
3
which we can convert into IIA language to get
KyK˜ = 0, (4.30)
KyΩ−XK˜ = 0, (4.31)
and
XZ +KyΣ =
1
2
Ω ∧ Ω, (4.32)
KyZ = Ω ∧ K˜. (4.33)
respectively.
We have now given the full set of relations, differential and algebraic, which must be satisfied
by a supersymmetric solution of IIA supergravity. As a check that we have arrived at the correct
set of equations appendix B provides some of the basic IIA solutions, giving the spinor bi-linears.
5 Calibration conditions.
5.1 strings
Following [22] we find out how to derive calibration conditions for some of the branes in IIA
supergravity. We shall start with the simplest, namely the F1 string. The super-Poincare´ algebra
in eleven flat dimensions, with a probe M2 brane, can be dimensionally reduced to give the algebra
in ten flat dimensions with a probe string,
{Qα, Qβ} = (CΓµ)αβPµ ± (CΓµΓz)αβZµ, (5.34)
where
Zµ =
∫
dXµ, (5.35)
and the integration is over the spatial direction of the string. If we now multiply (5.34) by ǫα0 ǫ
β
0 ,
for constant ǫ0, we have that
(Qǫ0)
2 = Kµ0 Pµ ± K˜0µ
∫
dXµ =
∫
dσKµ0 pµ ±
∫
K˜0. (5.36)
Where we have introduced a momentum density, pµ, and the notation K0 and K˜0 come from (2.8),
(2.9) applied to the constant spinor ǫ0, σ is the the spatial co-ordinate on the string world volume.
By writing it in this form we see how this equation should be generalized to curved space. We
expect the correction to the super-algebra to be a topological term reflecting the charge of the
probe, so the aim is to take the flat space expression
∫
K0 and write it as the integral of a closed
form. Now we use the fact that K is a Killing vector and that the definition of the Lie derivative
on forms,
LKα = d(Kyα) +Kydα. (5.37)
From (3.18) we have that d(KyH) and as H = dB then KydH = 0 giving LKH = 0, so we may
choose a gauge in which B mirrors the symmetry of its field strength in that LKB = 0. We may
4
therefore use this gauge and rewrite (3.18) as d(K˜ +KyB) = 0, which gives us the closed form we
were looking for. The proposal, therefore, for the curved version of (5.36) is
(Qǫ)2 =
∫
dσK.p ±
∫
(K˜ +KyB) (5.38)
where now we use the Killing spinor ǫ. This then leads to the calibration bound
∫
dσK.p ≥ ∓
∫
(K˜ +KyB), (5.39)
and a standard argument shows that a calibrated cycle (one for which the bound is saturated)
minimizes
∫
dσK.p in its homology class.
As an example we could consider a string probe in the background of a stack of strings whose
solution is given by (B.2). There we find that
K˜ +KyB = dx, (5.40)
with dx being the spatial direction of the string, this is clearly closed. With these relations we can
check to see if a string probe in the background of a multi-string solution (Appendix B) saturates
the calibration bound. For this we identify K.p with the Hamiltonian density of the probe, which
we can calculate from the string action
SF1 = −
∫
d2σ
√−γ −
∫
P[B]. (5.41)
Where γµν is the induced metric on the world-volume of the probe and P[B] is the pull back of the
spacetime field, B, to the string world-volume. We shall look at a probe string oriented in the same
way as the background strings, the t−x plane as in (B.21). For the world-volume co-ordinates (τ, σ)
we choose the natural gauge τ = t, σ = x which then leads to the energy density H = 1 = K.p.
Using (5.40) we see that the string probe saturates the calibration bound (5.39).
5.2 D2-branes
For D2-branes the situation is slightly more complicated as we have been unable to find the general
calibration condition for any given background fields, but we can look at the bound in any specific
case. As an example we look at the bound for a probe D2 in the background of a stack of gravitating
D2-branes, (B.3). In this case we see that H = 0, F = 0 so (A.9) gives G˜ = dC and (3.19) shows
LKdC = d(KydC) + KyddC = 0. Thus, K represents a symmetry of the field strength dC, in
which case we may pick a gauge where C also has this symmetry and choose LKC = 0. In that
gauge then we have LKC = d(KyC) +KydC = 0 and (3.19) gives us the following closed 2-form,
d [exp(−φ)Ω +KyC] = 0. (5.42)
The calibration bound again comes from the supersymmetry algebra. The terms relevant for D2-
branes in the flat 10D algebra are.
{Qα, Qβ} = (CΓµ)αβPµ ± (CΓµν)αβZµν , (5.43)
where
Zµν =
∫
dXµ ∧ dXν . (5.44)
5
Going through the same procedure as the probe string we are led to suggest the following calibration
bound for a probe D2 in the background of a stack of D2-branes,
∫
d2σK.p ≥ ∓
∫
(exp(−φ)Ω +KyC). (5.45)
Note that the D2-brane stack given in B.3 has
exp(−φ)Ω +KyC = dx12 + dy12 + dy34 + dy56, (5.46)
where dx12 is the spatial orientation of the stack and dy are transverse directions. Again, this is
clearly closed. As for the string, we can check to see if a D2 probe in the background of a stack of
D2-branes, appendix B, saturates the calibration bound (5.45). We shall orient our probe in the
same direction as the stack, (t, x1, x2), and choose a gauge where the world-volume co-ordinates
match the spacetime ones, (τ = t, σ1 = x1, σ2 = x2). Taking the action for a D2 brane
SD2 = −
∫
exp(−φ)√−γ −
∫
P[C]. (5.47)
allows us to calculate the energy density to be H = 1 = K.p. Now, using (5.46), we see that the
calibration bound (5.45) is saturated. In fact, (5.47) is not the full world volume action of the
D2-brane as there can be a Born-Infeld field, FBI , living on the world-volume which changes the
action to
S = −
∫
exp(−φ)
√
−det(γ + F) +
∫
(P[C] + P[A] ∧ F), (5.48)
where F is the gauge invariant world-volume field strength, F = P[B] + FBI . This world-volume
field strength must be reflected in the calibration condition, and as FBI is already a closed two-form
we would anticipate that (5.45) should become
∫
d2σK.p ≥ ∓
∫
(exp(−φ)Ω +KyC + FBI). (5.49)
This type of term has already been seen in the M5 brane calibration conditions, [29][22], and we
shall see evidence in the next section that it should be there.
5.3 supertubes
Now we come to a more substantial example, following a suggestion in [23], that of a supertube
[24]. This is a nice case for a number of reasons: it is sufficiently complex so as to excite all the field
strengths, thereby proving a good check on our relations; from the point of view of the D2-brane
there are world volume fields turned on, giving a check to the Born-Infeld term which did not follow
from the flat space susy algebra; it is also not a static solution, unlike most other calibrated branes
- except for the giant graviton [23].
The supergravity version of supertubes was presented in [30] and is obtained by dimensionally
reducing a solution found in [31], which describes the intersection of two rotating M5 branes and
an M2 brane. We have given the IIA solution in appendix B.4.
As the supertube is to be considered as a D2 brane we shall be looking for a closed two-form
living in the solution, composed from spinor bi-linears and the fields which are excited. The first
thing to note is that while neither d(KyC) nor KydC vanish, their sum does, giving LKdC = 0. As
usual then, we may choose a gauge where C matches the symmetry of its field strength, LKC = 0.
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For the supertube we have from appendix B.4 that KyA − exp(−φ) = −1, using this and (3.18)
shows that (3.19) leads to
d
[
exp(−φ)Ω +KyC + K˜ ∧A+B
]
= 0, (5.50)
with the supertube solution giving
exp(−φ)Ω +KyC + K˜ ∧A+B = −dt ∧ dx, (5.51)
This therefore suggests that the calibration bound in this background becomes∫
d2σK.p ≥ ∓
∫ [
exp(−φ)Ω +KyC + K˜ ∧A+B
]
. (5.52)
However, this has not taken into account the world-volume Born-Infeld field on the D2 and so, in
analogy with the M5 calibration bound [29][22] we put forward the following bound
∫
d2σK.p ≥ ∓
∫ [
exp(−φ)Ω +KyC + K˜ ∧A+B + FBI
]
, (5.53)
with FBI being the Born-Infeld field strength. We are now in a position to test this bound by placing
a probe supertube in the background. Following [30] we choose our supertube to be cylindrical and
write the metric on dy2 of (B.33) as
dy2 = dr2 + r2dϕ2 + dρ2 + ρ2dΩ2(5). (5.54)
The form of the harmonic functions is given in [30], they place the supertube at r = R and ρ = 0
so it occupies the t− x − ϕ direction, the one form A is given by A = A˜(r, ρ)dϕ. Now consider a
probe D2 with the following Born-Infeld field strength
FBI = EBIdt ∧ dx+BBIdx ∧ dϕ. (5.55)
The gauge invariant world volume field strength is
F = FBI + P[B] := Edt ∧ dx+ Bdx ∧ dϕ. (5.56)
Now we may take the probe action
S = −
∫
exp(−φ)
√
−det(γ + F) +
∫
(P[C] + P[A] ∧ F), (5.57)
to find the following Lagrange density (in the usual physical gauge) [30]
L = −U 12V −1
√
V r2(U−2 − E2) + U−1(B − A˜E)2 + V −1(B − A˜E)−BBI . (5.58)
To find the Hamiltonian we first need the conjugate of EBI , D.
D = ∂L
∂EBI
=
∂L
∂E =
U
1
2 r2E + U− 12V −1(B − A˜E)A˜√
V r2(U−2 − E2) + U−1(B − A˜E)2
− V −1A˜, (5.59)
As a supertube has EBI = 1 [30], then we find that the Hamiltonian is∫
dxdϕH =
∫
dxdϕ [DE − L] =
∫
dxdϕ [D +BBI ] , (5.60)
7
with D = R2/BBI . In terms of the calibration condition (5.53) we identify (5.60) with
∫
d2σK.p.
On the right hand side of the bound we use (5.51) and (5.55) to get
∫ [
exp(−φ)Ω +KyC + K˜ ∧A+B + FBI
]
=
∫
dxdϕBBI . (5.61)
So, while the bound is satisfied, it is not saturated. As noted in [30] D corresponds to the string
charge of the probe and BBI the D0 brane charge, so we see that the bound has successfully
accounted for the D0 charge whilst missing the string charge. We believe that the supertube should
saturate some calibration bound; if so, then there will be a stronger inequality than presented in
(5.53).
6 Conclusion
In this paper we have described how one can construct p-forms from the Killing spinors of IIA
supergravity using those of CJS supergravity in eleven dimensions. As is to be expected from
dimensional reduction there are more of these bi-linears than in the parent theory, with one scalar,
two vectors, a two-form, a four-form and a five-form, along with their Hodge duals. The set of
differential relations satisfied by these spinor bi-linears was derived and shown to follow from the
analogous relations in 11D, as given in [9]. Unlike the bi-linears of CJS supergravity, one of the
killing spinor equations, the variation of the dilatino, gave a set of algebraic constraints, in concert
with the algebraic constraints coming from Fiertz identities. We found the full set of these dilatino
constraints and gave some examples of the Fiertz relations.
As an application of these results we considered a technique introduced in [22] for proposing
calibration bounds. We used this to give the bound for a string in a general background, but for
the D2 brane we could only find background-specific results. In particular we applied our equations
to the supertube of [30] which lead to a putative calibration bound. A probe supertube was found
to satisfy the bound, but not saturate it, leading to the suspicion that a stronger bound should
exist. This stemmed from a deficiency of the technique in that world volume fields are not naturally
accounted for.
Note added
After the completion of this work there appeared a pre-print by Cascales and Uranga [32] proposing
another method for finding calibration bounds, we hope that their results when applied to IIA will
strengthen the supertube bound found here.
Acknowledgements We would like to thank Douglas Smith for discussions. The author is sup-
ported by a PPARC Advanced Fellowship.
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A D=11, 10 supergravities and conventions.
We follow the conventions of [9] in using (-,+,+,...) as our spacetime signature with the alternating
symbol ǫ012... = +1. The inner product of q-forms with p(< q)-forms is
(αpyβq)a1...aq−p = (1/p!)α
b1 ...bpβb1...bpa1...aq−p , (A.1)
and the Hodge dual is defined by
⋆ αa1...aD−p = (1/p!)ǫ
b1...bp
a1...aD−p
αb1...bp. (A.2)
Flat indices are given by Roman characters (m,n, ...) or an underline, z, and curved indices are
written with Greek letters µ, ν... . A hat on an index or field denotes it as an eleven dimensional
object.
For the Dirac matrices we choose the basis where Γ012...♮ = 1 and the Majorana conjugate is
given by η¯ = ηTC, with C the charge conjugation matrix, chosen to be C = Γ0.
The action of CJS supergravity is given by [28]
L11 = 1
2κ2
[
R− 1
2
Ψ¯mˆΓ
mˆnˆpˆDˆnˆΨpˆ − 1
2
1
4!
GˆmˆnˆpˆqˆG
mˆnˆpˆqˆ (A.3)
+
1
(12)4
ǫˆmˆ1...nˆ1...pˆ1...Gˆmˆ1...Gˆnˆ1...Cˆpˆ1... + ...
]
,
where Gˆ = dCˆ is the four form field strength for Cˆ. Writing the 11D vierbein as E mˆµˆ one has that
supersymmetry requires
δˆΨµˆ = ∇ˆµˆǫˆ+ 1
288
[
Γˆ mˆnˆpˆqˆµˆ − 8δmˆµˆ Γˆnˆpˆqˆ
]
ǫˆ Gmˆnˆpˆqˆ = 0. (A.4)
To perform the dimensional reduction we write the standard triangular vielbein ansatz leading
to a metric of the form
dsˆ2 = exp(−2φ/3)ds2 + exp(4φ/3)(dz +A)2, (A.5)
which gives the action in ten dimensions in the string frame. The vielbeins are related by Ea = exp(−φ/3)ea,
with Ez = exp(2φ/3)(dz +A). Such a reduction introduces a scalar field φ and a one form A, with
field strength F = dA, into the 10D spectrum. The three-form and four-form field strength are
then decomposed as
Cˆ = C +B ∧ dz, (A.6)
Gˆ = G˜+H ∧ (dz +A), (A.7)
where we have defined
H = dB, (A.8)
G˜ = dC −H ∧A. (A.9)
The gravitino decomposes as
Ψz =
1
3
exp(φ/6)Γzλ, (A.10)
Ψm = exp(φ/6)
[
ψm − 1
6
Γmλ
]
,
ǫˆ = exp(−φ/6)ǫ,
9
which gives the following susy variations.
δλ =
[
∂aφΓ
a − 1
12
HabcΓ
abcΓz
]
ǫ− 1
8
exp(φ)
[
3FabΓ
abΓz − 1
12
G˜abcdΓ
abcd
]
ǫ, (A.11)
δψm = Dmη − 1
8
HmbcΓ
bcΓzǫ− 1
8
exp(φ)
[
1
2
FabΓ
abΓmΓz − 1
4!
G˜abcdΓ
abcdΓm
]
ǫ. (A.12)
B Some IIA p-brane solutions.
B.1 D0-brane
The D0 brane solution can be derived from the M-wave by dimensional reduction to give
ds210 = −U−
1
2dt2 + U
1
2dx2, (B.13)
A = U−1(1− U)dt, ⇒ F = −U−2dU ∧ dt,
exp(φ) = U
3
4 ,
ǫ = exp(φ/6)ǫˆ = U−
1
8 ǫ0,
where U is some harmonic function of x and ǫ0 satisfies the projection Γ0Γzǫ0 = ǫ0. In order to
work with a Killing spinor having a single degree of freedom we may also choose the compatible
projections,
Γ1234ǫ0,= Γ1256ǫ0,= Γ1278ǫ0,= Γ1357ǫ0 = ǫ0, (B.14)
which gives us the following bilinears
X = U−
1
4 , (B.15)
K = −U− 14 e0, (B.16)
K˜ = −U− 14 e9, (B.17)
Ω = −U− 14 e09, (B.18)
Z = U−
1
4 [e1234 + ...], (B.19)
Σ = −U− 14 e0[e1234 + ...]. (B.20)
B.2 F1-string
Taking the M2-brane in 11 dimensions and reducing to IIA gives the following string solution,
ds210 = U
−1ds2(M2) + ds2(E8), (B.21)
H = −d(U−1) ∧ V ol(M2),
B = −U−1dt ∧ dx+ dt ∧ dx,
exp(φ) = U−
1
2 ,
ǫ = exp(φ/6)ǫˆ = U−
1
4 ǫ0,
Where we have chosen a gauge for B such that B vanishes asymptotically, U is some harmonic
function on E8 and Γ01zǫ0 = ǫ0. We may also make the following compatible projections so as ǫ
has only one degree of freedom,
Γ023ǫ0,= Γ045ǫ0,= Γ067ǫ0,= Γ012468ǫ0,= ǫ0.
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We then find that the set of bi-linears is
X = 0
K = −U− 12 e0, (B.22)
K˜ = U−
1
2 e1, (B.23)
Ω = U−
1
2 [e23 + e45 + e67 + e89], (B.24)
Z = U−
1
2 [−e3468 + ...] + U− 12 e01[e23 + e45 + e67 + e89], (B.25)
Σ = U−
1
2 [e1(e2468 + ...) + e0(e2345 + ...)]. (B.26)
B.3 D2-brane
Taking the smeared M2-brane in 11 dimensions and reducing to IIA gives the following brane
solution,
ds210 = U
− 1
2ds2(M3) + U
1
2 ds2(E7),
G˜ = dC3 = −d(U−1) ∧ V ol(M3) = U−
5
4 dUe012,
C3 = −U−1dt ∧ dx1 ∧ dx2 + dt ∧ dx1 ∧ dx2 = −U− 14 (1− U)e012,
exp(φ) = U
1
4 ,
ǫ = exp(φ/6)ǫˆ = U−
1
8 ǫ0,
Where we have chosen a gauge for B such that C3 vanishes asymptotically, U is harmonic on E
7
and Γ012ǫ0 = ǫ0. If we also take the projections
Γ034ǫ0,= Γ056ǫ0,= Γ078ǫ0,= Γ013579ǫ0,= ǫ0,
then we have that the spinor bi-linears become
X = 0, (B.27)
K = −U− 14 e0, (B.28)
K˜ = U−
1
4 e9, (B.29)
Ω = U−
1
4 [e12 + e34 + e56 + e78], (B.30)
Z = U−
1
4 [e1468 + ...] + U−
1
4 e0[e12 + e34 + e56 + e78]e9, (B.31)
Σ = U−
1
4 [e13579 + ...+ e0(e1234 + ...)]. (B.32)
B.4 supertube
The supergravity version of the flatspace supertube discovered in [24] was found by [30] to cor-
respond to the dimensional reduction of an M-theory solution describing the intersection of two
rotating M5 branes and an M2 brane. After dimensional reduction the solution is as follows,
ds210 = −U−1V −
1
2 (dt−A)2 + U−1V 12dx2 + V 12 dy2, (B.33)
exp(φ) = U−
1
2V
3
4 , (B.34)
G˜ = −V −1e01dA, (B.35)
dC3 = −Ue01d(U−1A)− U
1
2V −
1
4Ae1d(U−1A), (B.36)
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C3 = −e01A, (B.37)
H = −U−1e01dU − U− 12V − 14 e1dA, (B.38)
B = (1− U)e01 + U 12V − 14 e1A, (B.39)
A = V −1(dt−A)− dt, (B.40)
F = dA = −U 12V − 74dV e0 − V −1dA, (B.41)
ǫ = exp(φ/6)ǫˆ = U−
1
4V −
1
8 ǫ0, (B.42)
Γ0z1ǫ0 = Γ0zǫ0 = ǫ0, (B.43)
We are also free to make the following choice of ǫ0 in order to reduce the degrees of freedom in the
spinor parameter to one.
Γ2345ǫ0,= Γ2367ǫ0,= Γ2389ǫ0 = ǫ0. (B.44)
The bilinears are then
X = U−
1
2V −
1
4 , (B.45)
K = −U− 12V − 14 e0, (B.46)
K˜ = −U− 12V − 14 e1, (B.47)
Ω = −U− 12V − 14 e01, (B.48)
Z = U−
1
2V −
1
4 [e2345 + ...], (B.49)
Σ = U−
1
2V −
1
4 [−e0(e2345 + ...)]. (B.50)
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